Abstract. A new upper bound for the John constant is established.
• , M(f)
This constant has come to be known as the John constant. In the same paper John showed that y > exp(w/2) = 4.810 .. . and also established an upper bound for y which was later improved by Yamashita [2] who showed that y < exp(7r) = 23.140 ... . The purpose of this note is to improve this upper bound further. We will show that y < exp(Á7r), where X is the solution to a certain transcendental equation. Numerical calculations show that .6278 < X < .6279 and this yields y < exp(.6279ir) = 7.189_
We work in the upper half-plane Im z > 0 instead of in the disk. In what follows, 77 and 77 will denote the open and closed upper half-plane, respectively. Let fiz) be analytic and not univalent in 77. If a and ß denote the infimum and supremum of \f'(z)\ in 77, respectively, then y < a/ß. To see this we note that since fiz) is not univalent in 77, it must be nonunivalent in some disk \z -c\ < r contained in 77. But then g(z) = fie + rz) belongs to G and M(g) < rß, m(g) > ra and consequently y < ß/a.
For the nonunivalent function fiz) which we study here \f'(z)\ is piecewise constant on the real line. What is more, it is the simplest kind of nontrivial piecewise constant function, namely one that takes on one constant value on some interval and another outside that interval. Our choice of fiz) is motivated by the following consideration: Let zx ^z2 be two points in \z\ < 1. One can show using standard variational arguments that if h0(z) is a function for which \h(zx) -¿(¿2)! attains a positive minimum for the class of functions h(z) which satisfy m < \h'(z)\ < M in \z\ < 1, then \h'0(z)\ is piecewise constant on \z\ = 1. (This fact is solely mentioned as motivation; it is not used in what follows.) Since for convenience we choose to work in 77, we are led to examine the analogue in 77 of the simplest nontrivial case of such a function. Indeed, these considerations suggest the possibility that our upper bound of exp(A7r) is the true value of y.
We denote by Logz the principal branch of \ogz; that is, Logz = log|z| + i Arg z, where 0 < Arg z < 2it. Let k(z) = exp( jw'(Log(z -1) -Log(z + 1))) where ft > 0. We note in passing that Ar(z) is single valued in the complement of the real interval [-1, 1], and that ±1 are its only singularities (branch points). Since |Ac(z)| = exp(-/t(Arg(z -1) -Arg(z + 1))), one has that for z in 77 \ {-1, 1}, exp(-jLwr) < |A;(z)| < 1, and that for x real |A;(x)| is equal to 1 if |x| > 1 and is equal to exp(-/x7r) if |x| < 1. Let f(z) = f k(w)dw, forz G 77.
•'o Here the path of integration may be taken to be the straight line segment between 0 and z, even when this segment contains 1 or -1, since the integrand is bounded in 77. Let a > 1 be defined by ¡i \og((a -\)/(a + 1)) = -m/2. We shall evaluate To finish, we must examine <b( n). It is a simple matter to establish numerically that there is a A in (.6278, .6279) for which <b(X) = 0 and <b'(X) < 0. Hence, for any e > 0 there is a /t in (X, X + e) such that <f>( jtt) < 0. But this means that there is an fiz) analytic and not univalent in 77 for which M(f)/m(f) = exp(/wr). Consequently, y < exp(À7r) < exp(.62797r) = 7.189_
